We propose a new method to create an asymmetric twodimensional magnetic lattice which exhibits magnetic band gap structure similar to semiconductor devices. The quantum device is assumed to host bound states of collective excitations formed in a magnetically trapped quantum degenerate gas of ultracold atoms such as a Bose-Einstein condensate (BEC) or a degenerate Fermi gas. A theoretical framework is established to describe possible realization of the exciton-Mott to discharging Josephson states oscillations in which the adiabatically controlled oscillations induce ac and dc Josephson atomic currents where this effect can be used to transfer n Josephson qubits across the asymmetric twodimensional magnetic lattice. We consider second-quantized Hamiltonians to describe the Mott insulator state and the coherence of multiple tunneling between adjacent magnetic lattice sites where we derive the self consistent non-linear Schrödinger equation with a proper field operator to describe the exciton Mott quantum phase transition via the induced Josephson atomic current across the n magnetic bands. 
Introduction
Recently, magnetic lattices have been created using permanent magnetic materials fabricated with specific patterns to create periodically distributed non-zero magnetic local minima in one and two-dimensional configurations [2, 4] . Ultracold atoms and Bose-Einstein condensates (BECs) prepared in so-called low magnetic field seeking-states, can be trapped in such periodically distributed magnetic local minima to create the magnetic lattices configurations [6, 23] . The magnetic lattices are recognized as quantum devices with abilities to coherently access and manipulate the quantum states of the trapped ultracold atoms in a similar scenario to optical lattices [30] .
These advances in the field of ultracold atoms open the way to study many interesting fundamental problems in different area of physics such as condensed matter [27] and quantum information processing [30] . Magnetic lattices created by trapping ultracold atoms are used to simulate such environments and critical quantum phase transitions because they can provide adiabatic control over interesting quantum phenomena such as quantum tunneling, superfluidity and formation of bound states of long lived quasi-particles, e.g., exciton BECs [24, 25] . Bound states are naturally hard to detect and it is difficult to access their individual quantum states due to the short lifetime and their fragile coupling to a desirable environment [1, 3] .
One of the interesting problems is to detect and manipulate the phase coherence signature in a macroscopic quantum system. A well known example of the direct manifestation of a macroscopic phase coherence is the Josephson effect between two superfluids or two superconductors [31, 32] . Theoretically, the use of trapped ultracold atoms in varying periodically distributed potential fields has been proposed to simulate the Josephson effect [29, 33, 34, 36] and experimentally has been realized [35, 37, 38] .
In this article we propose a new approach to create an asymmetric two-dimensional magnetic lattice which allows the trapped ultracold atoms to simulate collective excitations similar to those formed in condensed matter systems. The ultracold atoms can be trapped to maintain an asymmetric two-dimensional lattice configuration in which our proposed method offers the possibility of having a magnetic band gap structure. We also show the possibility of using this type of 2D magnetic lattice to simulate the adiabatically controlled oscillations of collective excitations such as the discharging Josephson states and the exciton-Mott quantum phase transition formed by coherent tunneling of cold atoms across the lattice's sites. In Section 2 we describe the method we use to create our asymmetrical magnetic lattice; in Section 3 we describe the tunneling mechanisms; and in Section 4 we establish a theoretical framework to describe the adiabatically induced atomic Josephson currents and the exciton-Mott phase transition using trapped ultracold atoms in the asymmetrical magnetic lattice.
The Asymmetric Two-Dimensional Magnetic Lattice
Magnetic lattices are realized by periodically distributing magnetic field minima across the surface of a permanent magnetic material. The distributed field minima follow the lattices patterns in which they are specifically engineered so that the magnetic minima are located in a free space at an effective working distance, d min , from the surface. Depending on the fabricated patterns, the dimension of the periodicity can be selected, where one and two-dimensional magnetic lattices have been achieved and produced by trapping ultracold atoms using patterned permanent magnetic materials [6, 23] .
We have developed a new method to create a two-dimensional magnetic lattice which allows symmetrical and asymmetrical configurations of the distributed magnetic field minima. To realize a two-dimensional magnetic lattice square-hole matrices are patterned on a surface of a magneto-optic film of thickness τ btm by milling an m × m array of blocks such that each block is an array of n × n square holes, where n represents the number of holes of width α h and . The depths of all holes are equal and extend through the magnetic thin film down to the substrate surface level. The magnetic structure is magnetized in its remanently-magnetized state, with the magnetization direction perpendicular to the x − y plane. The gaps between the blocks containing no holes are assumed to be greater than, or equal to α s . The thickness of the gaps is an important design feature since it introduces a control over an extra degree of confinement which is realized through the creation of magnetic field walls encircling the n × n matrices, and isolating them from one another. It also can control the magnetic bottom, B min , and the distance from the surface, d min , of the sites at the center of the magnetic lattice. The presence of the holes on the surface of the permanent magnetic thin film results in a magnetic field with a maximum at the opening of the holes decreasing steeply outwards from the surface in the z direction and creating magnetic field minima that are located at effective working distances, d min , above the plane of the thin film as shown in Figs. 1(d)-1(f) . These minima are localized in confining volumes representing the magnetic potential wells that contain a certain number of quantized energy levels occupied by the ultracold atoms. In our design, we assumed that the width of the holes α h and the separation of the holes α s are equal, α h = α s ≡ α, to simplify the mathematical derivations and analyses which are similar to those reported in [4, 7] .
Detailed Analysis of the Distribution of the Magnetic Field Minima
The spatial magnetic field components B x , B y and B z can be written analytically as a combination of a field decaying away from the surface of the trap in the z-direction and a periodically distributed magnetic field in the x − y plane produced by the magnetic induction, B o = µ o M z /π, at the surface of the permanently magnetized thin film. We define a surface reference magnetic field as B re f = B o (1 − e −β τ ), where β = π/α, and τ = τ btm denotes the magnetic film thickness and a plane of symmetry is assumed at z = 0. The analysis of the surface magnetic field includes components of external magnetic bias fields along the x, y and z directions, B x−bias , B y−bias and B z−bias , respectively. Taking into account the surface effective field, B re f , and the characteristic periodicity interval α, analytical expressions can be derived to describe the periodically distributed local minima across the x − y plane of the magnetic thin film for the case of an infinite magnetic lattice as follows
Only cold atoms prepared in low magnetic field seeking states, i.e. atom's magnetic moment oriented anti-parallel to the local magnetic field in the trap, are attracted to the local magnetic minima, where at certain values of the effective distance d min , namely larger than α/2π, the cold atoms effectively interact with the local magnetic minima are loaded into the lattice sites. Thus the higher order terms in these equations can be neglected for d min > α/2π reducing Eqs. (1),(2),(3) to the following simplified set of expressions
Hence the magnitude B of the magnetic field at d min above the surface of the magnetic film can be written as 
A detailed analysis of the effect of the characteristic parameters, such as α s , α h , is reported elsewhere [2] . 
Magnetic Band Structure in the Asymmetric Two-Dimensional Magnetic Lattice
The asymmetric property of the two-dimensional magnetic lattice is created due to the existence of different levels of the non-zero magnetic local minima in a finite magnetic lattice. As shown in Fig. 2 , each neighboring magnetic quantum wells, i.e., lattice sites, are separated by a tunneling barrier ∆B and their magnetic bottoms are displaced in the gravitational field z-direction by a titling potential δ B. Both ∆B and δ B can be controlled by applying an external magnetic bias field along the negative direction of the z-axis, as shown in Fig. 2 
(i).
The sites in the center of the magnetic lattice exhibit the deepest magnetic minima, where the values of the magnetic minima, B min , are distributed in space downward to the edges of the lattice, see Fig. 2(f) . The distribution has a pyramid shape in the x − y plane where each level has its B z min value and the values of the B min are spaced along the z-axis by a tilting potential δ B. The potential tilt creates a gap between each two sets of magnetic minima distributed in two adjacent bands. This configuration exhibits a scenario similar to that of the energy band gap structure in semiconductor devices. We denote the pyramid-like distribution by a magnetic band gap structure in our proposed two-dimensional magnetic lattice. A schematic representation for the pyramid-like distribution is shown in Fig. 3 .
Initially, with no application of external magnetic bias fields, B x−bias and B y−bias , all sites have magnetic minima close to zero . Once the external magnetic bias field is applied the values of the magnetic minima increase and differ from neighboring sites by the titling magnetic potential δ B as shown in Fig. 2(d 
The non-zero local minimum values determine the depth Λ depth of the harmonic potential wells in which Λ depth of an individual potential well can be expressed as where x = {x, y, z}. The g F is the Landé g-factor, µ B is Bohr magneton, F is the atomic hyperfine state with the magnetic quantum number m F and k B is the Boltzmann constant. In Fig. 4 , we show the measurement results for a fabricated 2 × 2 blocks of 9 × 9 asymmetric two-dimensional magnetic lattice. The quantum device is fabricated using the dual electronfocused ion beams technology and imaged with scanning electron microscope and the atomic force microscope, as shown in Figs 
Tunneling Mechanisms in the Two-Dimensional Magnetic Lattice
Experimentally, well spaced clouds of Bose-Einstein condensates in a double-well potential have been created [9] , and a long tunneling lifetime of 50 ms has been observed [10] with experimental lifetimes in the range 1-100 s [11] . In this proposal, weakly coupled microscopic clouds of BECs, with a small number of trapped ultracold atoms, are allowed to tunnel between sites by adiabatically controlling the hopping strength of the adjacent magnetic bands through application of external magnetic bias fields along the negative direction of the z-axis. Atoms tunnel through the magnetic barriers from the highest magnetic band to the neighboring lowest magnetic band following the pyramid-like distribution of energy levels. Figures 2(b) -2(c) shows simulation results of two adjacent edge lattice sites where the gap can also be regarded as the difference between the heights of the two sites in the earth's gravitational fields. In each individual site there are a number of available energy levels due to the magnetic field confinement and available degrees of quantum degeneracy. We consider in our scenario a two-level quantum system configuration in which there is a vibrational ground state φ g i, j and a vibrational excited state φ e i, j in each single lattice site at the i th (or j th ) magnetic band, where i = j ∈ {1, ..., n} is the potential well index starting from the center site. The sites are characterized by a configured magnetic bottom B min to trap alkali atoms which are magnetically prepared in a low magnetic field seeking state. Our system consists of n quantum wells (QWs) that are indirectly coupled via the magnetic band gap. In the asymmetrical QWs, we consider the two lowest energy state, in each individual potential well, i.e., an individual lattice site, are closely spaced and well separated from the other higher levels within the lattice site. This is a picture of a tow-level quantum system with negligible interaction between the many bosons distributed in the two energy levels of the system, permitting the two-mode approximation of the many-body problem in our proposed magnetic lattice [9, 10, 13] .
The general second-quantized Hamiltonian, in terms of bosonic creation, Φ † (x), and annihilation, Φ(x), field operators, for a system of N interacting boson of mass M confined by an external magnetic potential B(x) at zero temperature is given by
The field operators obey the usual canonical commutation rules. The second term in this equation represents the many-bosons interaction in the usual zero-range approximation, where in the s-wave limit the inter-atomic potential reduces to U int (x −x) → g = 4πh 2 a s /M. The coupling constant g is determined from the scattering length a s . For an n × n asymmetric magnetic lattice with n magnetic bands and no tunneling between sites, i.e., the case of uncoupled magnetic bands, the individual lattice site i of the two energy levels k ∈ {0, 1} allows a localized single wave function of the condensate to be in the ground state, taking the form
which can be approximated by the eigenfunction of an isotropic simple harmonic oscillator. The superscript m accounts for the quanta of angular momentum in the z-direction, where the value of the index m depends on the value of k such that for k = 0 there is no angular momentum, i.e., m = 0, and for k = 1, m ∈ {−1, 0, 1} in the three dimensions [14, 15] . In the followings, we give a general description for the Hamiltonian and the state vectors in such away that it can also be used to describe a spinor Bose-Einstein condensate or ultracold fermions. In both scenarios the proposed magnetic lattice can be used to simulate Josephson oscillations and exciton as well as biexciton formation [26] . There are two modes in each individual lattice site. The lower mode, φ
, is essentially symmetric and the second mode, φ
, is antisymmetric. Due to the initially tilted n potential wells, the tunneling of the condensate produces a superposition between the higher magnetic band ground state mode φ . The superposition amplitude strongly depends on the spatial separation of the wells determined by α s where [19] . Dynamically, interacting bosonic cold atoms in n potential wells with tight B(x) magnetic field confinement can be described by generalizing, for n sites, the quantized Josephson or a two-mode Bose-Hubbard Hamiltonian, assuming the site number distribution starts from the center of the magnetic lattice
whereb † i, j andb i, j are the bosonic creation and annihilation operators obeying the canonical commutation rules, andn i, j =b † i, jbi, j is the bosons number operator and δ B is the tilting magnetic potential. The J 
When δ B = 0, the Bose-Hubbard Hamiltonian describes the noninteracting magnetic bands where the condensate is assumed to occupy the ground state φ i, j of an individual lattice site in each magnetic band with a single-mode one-level configuration regardless of the existence of the excited mode. This is because the no-tunneling condition results in inter-site many boson interaction which creates a lattice structure described in the Fock regime as will be explained in the following section. A typical characteristic that can be encountered in such a situation is the Mott insulator state [13, 27] .
Since our interest is in the adiabatically induced transition process, we only summarize the case where the trapped ultracold atoms exhibit a superposition between the vibrational ground state φ in the QW j . This is a simultaneous bi-directional Josephson transition between each pair of adjacent magnetic bands propagating from the center towards the edges of the lattice, i.e. along x, y and −x, −y directions, as schematically represented in Fig. 5(b) .
Based on the configuration of this new type of magnetic lattice, we realize that the number of sites n creates interesting configurations at the center of the lattice. When n takes odd values, i.e., n = 5, 7, 9, ..., there is only one center site screened by the surrounding four sites. In this case of a single center site, the induced tunneling interaction is dominated by the equivalent Coulomb potentials between the four surrounding sites distributed along the x − y magnetic bands and taking a molecule-like configuration which can be created only in bound states assuming that there are symmetrical tunneling amplitude in the four directions. When n takes even values, i.e., n = 4, 6, 8, ..., there are four symmetrical center sites which exhibit a first Brillouin zone dimensionality and hence have Bloch interacting wave functions and a field operator expanded in localized single-particle wave functions of the form
where φ 
This situation is similar to the band structure in a two-dimensional optical lattice; however, in our asymmetric two-dimensional magnetic lattice, it is limited to the four center sites when n is even [8] . This is because there is no tilting potential between the four sites, δ B = 0. When the tunneling is allowed between the four sites only the excited states, φ
contribute to the local tunneling amplitude between the four sites where the superposition state is described for the four center sites {a, b, c, d} via the coupling amplitude such that J
The vibrational ground states, φ
contribute to the interaction mechanisms between the four center sites and the sites of the surrounding first magnetic band where the local interaction of the excited mode, φ
, between the four sites is assumed to be negligible. As will be described in the following section, this picture can be generalized to describe, regardless of the asymmetrical feature, the Mott insulator quantum phase transition across the n × n twodimensional magnetic lattice via the discharging Josephson state. The quantum phase transition can be oscillating adiabatically, a significant feature for quantum information processing in such type of magnetic lattices.
Josephson Oscillations and the Excitons Mott Phase Transition
The two well known regimes, the Josephson regime and the Fock regime, can be applied to our approach to describe the outcome of the tunneling process of the trapped ultracold atoms [16] . Regardless of the asymmetrical effect in our two-dimensional magnetic lattice, one can still describe the transitions between the lattice sites as an induced Josephson current, i.e., the superfluid phase transition, between two recognizable states which are the Mott insulator state and the discharging Josephson state in which the adiabatically controlled Josephson current oscillation depends on the coupling values. We describe briefly in the following the required conditions for such transitions.
• Mott Insulator State
In the non-interacting regime where the first-mode φ [19] . Initially, there is an approximately equal number of atoms in each site N s ≈ N/n, where this number is fixed until tunneling is allowed. The atoms are completely localized at the lattice site where we assume the coupling strength between the two levels is very weak such that
where
is the energy difference. Localization in our scenario means that the first symmetric mode, φ g i, j , is dominating over all lattice sites and the expansion of the excited mode, φ e i, j , between each two adjacent magnetic bands is negligible. This condition can be thought Equation (23) is known as the Bose Josephson junction (BJJ) tunneling equation which can be re-derived in terms of the phase differences and the fractional population differences between the lattice n sites. A similar case of a double well is discussed in [19] . The transition from self-trapping to Josephson oscillating states [10, 12] is possible in this type of asymmetrical magnetic lattice having several uncoupled magnetic bands which can be coupled via the induced Josephson current or it can be described as a Josephson discharging state created via quantum cold collisions.
Starting from the Mott insulator state and by adiabatically tuning the hopping strength via the application of B −z−bias , the number of atoms in each site N s varies in time to a critical number of atoms that is periodically oscillating and predicted to produce the n magnetic interband Josephson oscillations. Schematic representations are shown in 
The dominant transition at the critical number of atoms is, starting from the center of the lattice, the n magnetic band one-directional Josephson transition, φ . Oscillating bound states will be created in both situations, on and off-sites leading to exciton Mott multitransitions. The on-site bound state is created between the ground state and the excited state, e.g., two different components of a spinor BEC trapped in a single site. This is due to the dipole interaction which occurs when the condensate in the excited state periodically couples to the oscillating ground state at each individual site. The number of atoms may play an important role in such a scenario where it might be required to have an equal number of atoms in both modes [20] [21] [22] . The fragmented condensate in the ground state of each site couples periodically via the Coulomb potential to the excited state in the neighboring site exhibiting a recombination rate between two different adjacent magnetic bands with a plasma oscillation frequency relative to the strength of the Coulomb interaction which is experimentally realized in a single bosonic Josephson junction [10] . This can also be thought of as a difference in the chemical potential between sites in the case of trapped ultracold fermions.
Conclusion
We have developed a new method to create an asymmetric two-dimensional magnetic lattice. In this article we have proposed one of the applications that can be realized using this type of quantum device, where trapped ultracold atoms can simulate the critical quantum phase transition of collective excitations such as the exciton-Mott bound states and the oscillation mechanisms of the Mott insulator to a discharging Josephson state. In our approach, adiabatically controlled coherent tunneling of the ultracold atoms will induce a dc and ac Josephson current, a significant feature that can be used to encode and transfer, across the 2D asymmetrical lattice with n × n Josephson qubits for quantum information processing. We have established a theoretical framework that can be used to calculate the relevant parameters required to describe the fundamental concepts.
